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In this letter, we demonstrate a relation between the boundary curvature κ and the wrinkle
wavelength λ of a thin suspended film under boundary confinement. Experiments are done with
nanocrystalline diamond films of thickness t ≈ 184 nm grown on glass substrates. By removing
portions of the substrate after growth, suspended films with circular boundaries of radius R ranging
from approximately 30 to 811 µm are made. Due to residual stresses, the portions of film attached
to the substrate are of compressive prestrain ǫ0 ≈ 11 × 10
−4 and the suspended portions of film
are azimuthally wrinkled at their boundary. We find that λ monotonically decreases with κ and
present a model predicting that λ ∝ t1/2(ǫ0 + ∆Rκ)
−1/4, where ∆R denotes a penetration depth
over which strain relaxes at a boundary. This relation is in agreement with our experiments and may
be adapted to other systems such as plant leaves. Also, we establish a novel method for measuring
residual compressive strain in thin films.
Wrinkling is an ubiquitous natural phenomenon that
has led to the evolution of tissue that lowers the expen-
diture of energy [1, 2] and is being explored by man to
design efficient devices with self-similar patterns [3, 4].
Thin films are known to wrinkle because of excess area
and geometric compaction [5, 6]. An example of this
phenomenon is shown in Fig. 1, which depicts a thin sus-
pended nanocrystalline diamond (NCD) film with circu-
lar boundary. This film was grown on a glass substrate,
after which a circular portion of that substrate was re-
moved by etching. Due to residual compressive stresses
in the supported portion of the film and to the pres-
ence of boundary confinement, excess area forms and ge-
ometric compaction occurs. The strain in the film is re-
laxed radially by buckling and azimuthally by wrinkling.
In this Letter, we present experiments showing that the
boundary curvature of this type of system has a relatively
strong impact on azimuthal wrinkling and provide a sim-
ple model that predicts this. We also describe a method
that we developed for measuring strain in the supported
film from the height profile of the suspended film. The
method complements those reviewed by Abadias and co-
workers [7].
The behavior of wrinkles is typically modeled using
the Fo¨ppl–von Ka´rma´n theory of plates in conjunction
with scaling arguments and asymptotic analysis. The
characteristic wrinkle wavelength λ of a thin film is found
by minimizing energy and is provided by scaling relation
λ ∼ t1/2ǫ−1/4, (1)
where t is the film thickness and ǫ is a strain that induces
wrinkling [8–10].
Efforts to investigate the effect of boundary curvature
on the wrinkling of thin suspended films began only re-
cently. Experiments and simulations have shown that
curvature can significantly affect the wrinkling of cylin-
drical shells upon stretching [11]. For spherical [12, 13]
FIG. 1. Reflecting optical microscope image of a nanocrys-
talline diamond (NCD) film of approximate thickness t =
184 nm that was grown on a glass substrate. The suspended
portion of film has a circular boundary of radius R = 232 µm
and was made by etching the substrate from the backside.
Due to residual stresses, the portion of film attached to the
substrate is of compressive prestrain ǫ0 ≈ 11 × 10
−4 and the
suspended portion of film is azimuthally wrinkled.
or tubular [14, 15] bilayer systems, similar conclusions
have been reached. Still, the effect of curvature on the
benchmark system that we investigate here is to the best
of our knowledge not addressed in literature.
We present results from systematic experiments done
with suspended NCD films of thickness t ≈ 184 nm,
nearly circular boundaries of radius R ranging from 30
to 811 µm, and a compressive prestrain ǫ0 ≈ 11× 10
−4,
which prevails at the boundaries. In contrast to ultra-
thin polymer films [16], NCD films can be regarded as
elastic. The prestrain ǫ0 is therefore time-invariant and
the wrinkling and underlying strain of the films can be
characterized in detail. Only through recent technolog-
ical advances [17] has it become possible to systemati-
cally fabricate suspended NCD films with radii less than
2FIG. 2. (a) Schematic of a suspended portion of film, based on Fig. (1), that assists in describing the model presented in this
Letter. The length of a portion of boundary is denoted by l0 and the penetration depth ∆R is on the order of the length over
which strain in the suspended film relaxes. At distance ∆R from the boundary, a curve of arc length l, which is the projection
of the oscillating curve of length s, exists. The projection is done from the suspended film, which is of radius R and boundary
curvature κ > 0, to the plane P , which is defined by points a, O, and b. Within P , a polar coordinate system with origin O,
radial coordinate r, and azimuthal angle θ is defined. The radial distance d is measured from the boundary to O. (b) and
(c) are schematics that are similar to (a) but with κ = 0 and κ < 0, respectively. The effect of κ on wrinkle wavelength λ is
illustrated by increasing λ monotonically from (a) to (c).
250 µm.
From the experiments described hereinafter, we find
that λ monotonically decreases with curvature κ = 1/R.
To explain this trend, we present a model involving a
penetration depth ∆R over which the strain in the sus-
pended film relaxes. The setup of our problem is depicted
in Fig. 2(a), where ∆R and all other salient geometrical
quantities entering our formulation are described. We
assume that the radial strain ǫrr is independent of the
hoop strain ǫθθ, that the shear strain ǫrθ vanishes, and
that the film is inextensional for d ≥ ∆R. Since wrin-
kling occurs azimuthally with respect to the origin O, we
infer that ǫ = ǫθθ. On this basis, we find that
ǫ =
s
l
− 1 =
s
θ(R−∆R)
− 1. (2)
If the curvature κ of the supporting edge vanishes, as
depicted in Fig. 2(b), we find that
ǫ =
s
l
− 1 =
s
l0
− 1 = ǫ0. (3)
For κ > 0, l < l0, which shows that geometric compaction
occurs when the curvature κ of the supporting edge is
positive. If R≫ ∆R, we can apply the binomial theorem
to expand (R−∆R)−1 and write Eq. (2) as
ǫ ∼ ǫ0 +
s
l0
∆Rκ. (4)
Since R≫ ∆R, the quotient s/l0 is practically unity and
we may write Eq. (4) as
ǫ ∼ ǫ0 +∆Rκ. (5)
With Eqs. (1) and (5), we then obtain
λ ∼
t1/2
(ǫ0 +∆Rκ)1/4
. (6)
For κ < 0 and κ = −1/R, as depicted in Fig. 2(c),
Eq. (6) is also obtained using similar arguments as for
κ > 0. Granted that ∆R and ǫ0 are constant, Eq. (6)
predicts that λ decreases monotonically with κ. As ex-
pected, Eq. (5) reduces to Eq. (3) for κ = 0.
To fabricate our films, we first seed 10× 10× 0.2 mm3
Lotus NXT glass substrates with nanodiamonds [18, 19].
Subsequently, a closed film is grown with plasma assisted
chemical vapor deposition in the reactor of an SDS6500X
microwave system with 1.5 kW of 2.45 GHz microwaves.
During film growth, the substrate temperature is main-
tained at about 873 K and the reactor is kept at a pres-
sure of 2 kPa with 294 sccm of hydrogen gas and 6 sccm
of methane gas. The thicknesses of the NCD films were
measured with a Hamamatsu C13027 optical nano gauge.
The through-glass vias and the suspended films were fab-
ricated by etching the substrate locally with hydrofluoric
acid using recently described techniques [17, 20]. Re-
flecting optical microscope images and surface profiles
3of suspended films were taken with a Keyence VK-X150
confocal laser microscope. We define a surface profile as
a collection of heights of a suspended film with reference
to plane P . Similar to previous work [17], film stresses
are obtained by X-ray diffraction measurements carried
out with a Bruker D8 Discover diffractometer.
To estimate the length scale of ∆R, we use the dimen-
sionless number D = S/B, where S and B denote stretch-
ing and bending stiffness, respectively. In so doing, we as-
sume that a portion of suspended film acts as a cantilever
of width w, thickness t, and length d. Then, S = Etw/d
and B = Et3w/4d3, where E denotes Young’s modulus,
so that D = 4(d/t)2. For d = t, we see that D = 4, which
indicates that bending and stretching stiffness are of the
same order. However, for a relatively small value of d,
for example 2 µm, and t = 184 nm, we see that D = 473,
which indicates that bending is strongly favorable over
stretching. On this basis, we estimate that ∆R is on the
order of microns, that R≫ ∆R, and that the suspended
NCD films are practically inextensional.
From XRD measurements, we infer that ǫ0 = (11 ±
2) × 10−4; however, when the material properties of a
film are unknown, or when dealing with ultra-thin films
or amorphous materials, other methods are needed to
obtain ǫ0. To solve this problem, we demonstrate that ǫ0
is estimated accurately by
ζ =
√
A
πR2
− 1, (7)
where A denotes the surface area of the suspended film.
The relation ǫ0 ∼ ζ holds if the suspended film is practi-
cally inextensional, a criterium that is met in our work.
The area A of the suspended film is estimated by re-
moving noise from a surface profile with a Gauss filter,
creating a surface from that filtered profile by triangu-
lation, calculating the area Ai of each surface triangle
Ti, and summing up all Ai that correspond to suspended
film. We find for our films that ǫ0 = (11±2)×10
−4. This
value is in excellent agreement with the value obtained
from XRD measurements and shows that our approach
yields results consistent with a standard strain charac-
terization method. One of the surface profiles used to
obtain ǫ0 appears in Fig. 3(a), which is for the film shown
in Fig. 1. Fig. 3(b) depicts (Ai/Pi)− 1, as obtained from
the height profile in Fig. 3(a), plotted with respect to
P , in which Pi denotes the area of the projection of Ti
on P . The ratio Ai/Pi represents the scaled film area
density under the assumption that the suspended film is
inextensional. From the plot we observe that Ai/Pi is
greater at the wrinkled portion than at the remaining
area of the suspended film. This shows that in addition
to providing a value for ǫ0, our strain analysis is useful
for investigating film area density.
To demonstrate that λ decreases monotonically with
κ, three surface profiles of suspended NCD films taken
at d ≈ 6 µm are given in Fig. 4(a), with a relatively
FIG. 3. (a) Surface profile of the suspended film depicted
in Fig. 1. From the profile, it is clear that radially the film
buckles out of plane P and azimuthally the film wrinkles. This
is one of the profiles used to obtain ǫ0 = (11± 2)× 10
−4 with
ǫ0 ∼
√
A/πR2 − 1. Here, A denotes the surface area of the
suspended film, as found by removing noise from a surface
profile, creating a surface from that smooth surface profile
by triangulation, calculating the area Ai of each triangle Ti,
and summing up all Ai that correspond to suspended film.
(b) (Ai/Pi) − 1 obtained from (a) plotted with respect to
P . Here, Pi denotes the area of the projection of Ti on P .
Granted that the suspended film is inextensional, Ai/Pi is the
scaled film area density. This ratio is greatest at the wrinkled
portion of the suspended film.
small offset in height for clarity. Accurate values of λ
are found by counting the number of wrinkles of a sus-
pended film and dividing the resulting number by 2πR.
Counting is most easily done with reflecting optical mi-
croscope images, of which one appears in Fig. 1. For that
image, 39 ± 1 wrinkles were counted, as confirmed from
analyzing height profiles such as those given in Fig. 4(a).
In Fig. 4(b), the obtained values of λ, scaled by t1/2,
are plotted versus κ. For ǫ0 = 11 × 10
−4, ∆R assumed
to be constant, and ∆R and proportionality constant c
acting as fitting parameters, we fit Eq. (6) to the data
in Fig. 4(b) with the least-squares method. The fit con-
firms that our wrinkling model captures the main physi-
cal ingredients that explain our observations. For a confi-
dence interval of 70%, we find that c = 24± 1 µm1/2 and
∆R = 0.7 ± 0.2 µm. This results supports the relation
R≫ ∆R.
4FIG. 4. (a) Surface profiles of suspended NCD films measured
at approximately 6 µm from their boundaries, with respect to
P , and plotted versus l0. A relatively small offset in height is
applied for clarity. From this data, we deduce that the wrinkle
wavelength λ and amplitude A decrease monotonically with
κ. (b) Wrinkle wavelength λ divided by t1/2 versus κ. Eq. 1 is
fitted to the data with ǫ0 = 11×10
−4 and fitting parameters c
and ∆R, with c denoting a proportionality constant. This re-
sult supports the assertion that our wrinkling model captures
the main physical ingredients that explain our observations.
Within the framework of our model, the arclength of
the curves in Fig. 4(a) should be similar as a consequence
of inextensionality, in which case the wrinkle amplitude
decreases with the wrinkle wavelength λ. This is verified
by comparing the height axis of the surface profiles in
Fig. 4(a). Further analysis of A versus d may be done
within the formalism based on wrinklons [21], which we
leave for future work.
For a leaf that is supported by a stem of radius R, Xu
and coworkers [22] suggest that residual growth strain
induces wrinkling of the leaf. Interestingly, they pre-
dict that the associated wrinkle wavelength λ decreases
monotonically with R. By modeling such a leaf as a thin
suspended film supported by a rigid stem of curvature
κ = −1/R, as depicted in Fig. 2(c), and attributing ǫ0 to
growth, our simple model provides a similar prediction,
granted that ∆R and ǫ0 are approximately constant. Ex-
perimentally, the case κ < 0 may be verified by fabricat-
ing micro-disk like structures [23].
To finalize our discussion, we underline that due to the
presence of curvature in our experiments the wrinkle den-
sity is practically doubled. It is therefore evident that,
apart from dynamic wrinkling [24], boundary curvature
also needs to be taken into account when designing de-
vices with functional wrinkles.
We conclude that boundary curvature can strongly in-
fluence the wrinkling of suspended films. Experimen-
tally we showed this by growing nanocrystalline diamond
films of approximate thickness 184 nm on glass sub-
strates. Due to residual stresses, a compressive strain in
the films is introduced. By removing portions of the sub-
strate, suspended, azimuthally wrinkled films with cir-
cular boundaries of approximate radius 30–811 µm were
made. We found that the wavelength of these wrinkles
decreases monotonically with boundary curvature, lead-
ing to a doubling of the wrinkle density. To explain this,
we provided a simple model that is in line with our ex-
periments and may be adapted to other systems such as
suspended plant leaves. Additionally, taking advantage
of the fact that thin suspended films can be regarded as
inextensional, we established a novel method for mea-
suring residual compressive strain and film area density
from height profiles.
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